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While small single stranded viral shells encapsidate their genome spontaneously, many large
viruses, such as the Herpes virus or Infectious Bursal Disease Virus (IBDV), typically require a
template, consisting of either scaffolding proteins or inner core. Despite the proliferation of large
viruses in nature, the mechanisms by which hundreds or thousands of proteins assemble to form
structures with icosahedral order (IO) is completely unknown. Using continuum elasticity theory,
we study the growth of large viral shells (capsids) and show that a non-specific template not only
selects the radius of the capsid, but leads to the error-free assembly of protein subunits into capsids
with universal IO. We prove that as a spherical cap grows, there is a deep potential well at the loca-
tions of disclinations that later in the assembly process will become the vertices of an icosahedron.
Furthermore, we introduce a minimal model and simulate the assembly of viral shell around a tem-
plate under non-equilibrium conditions and find a perfect match between the results of continuum
elasticity theory and the numerical simulations. Besides explaining available experimental results,
we provide a number of new predictions. Implications for other problems in spherical crystals are
also discussed.
More than fifty years ago, Caspar and Klug [1] made
the striking observation that the capsids of most spherical
viruses display icosahedral order(IO), defined by twelve
five coordinated units (disclinations or pentamers) oc-
cupying the vertices of an icosahedron surrounded by
hexameric units, see Fig. 1. While many studies have
shown that this universal IO is favored under mechanical
equilibrium [2–4], the mechanism by which these shells
grow, circumventing many possible activation barriers,
and leading to the perfect IO remains mainly unknown.
Under many circumstances, small icosahedral capsids
assemble spontaneously around their genetic material, of-
ten a single-stranded viral RNA [5–9]. Yet, larger double-
stranded (ds) RNA or DNA viruses require what we
generically denote as the template: scaffolding proteins
(SPs) or an inner core [10–15]. The focus of this pa-
per is on these large viruses that require a template for
successful assembly.
The major difficulty in understanding the pathway to-
wards IO is apparent from the results of the general-
ized Thomson problem, consisting of finding the mini-
mum configuration for interacting M -point particles con-
strained to be on the surface of a sphere. Simulation
studies show that the number of metastable states in-
crease exponentially with M [16], and only with the
help of sophisticated optimization algorithms at rela-
tively small values of M [5, 17–19], it is possible to obtain
IO ground states. These situations, typical of spherical
crystals, become even more difficult when considering the
assembly of large capsids, in which once protein subunits
are attached and a few bonds are made, it becomes en-
ergetically impossible for them to re-arrange: Should a
single pentamer appear in an incorrect location, IO as-
sembly would fail.
The combined effect of irreversibility and the inherent
exponentially large number of metastable states typical
of curved crystals puts many drastic constraints on IO
growth. The complexity of the problem may be visual-
ized by the various viral shells illustrated in Fig. 1, char-
acterized by a structural index, the T number [1, 20–22]
T = h2 + k2 + hk, with h and k arbitrary integers, such
that the crystal includes 60T monomers or 10(T−1) hex-
amers and 12 pentamers (disclinations).
A possible mechanism to successfully self-assemble a
desirable structure might consist of protein subunits with
chemical specificity, very much like in DNA origami [23]
where structures with complex symmetries are routinely
assembled. In viruses, however, capsids are built ei-
ther from one or a few different types of proteins, so
specificity cannot be the driving mechanism leading to
IO [9, 18, 21, 24, 25]. In this paper, we show that a
“generic” template provides a robust path to self- assem-
bly of large shells with IO. This is consistent with many
experimental data in that regardless of amino acid se-
quences and folding structures of virus coat and/or scaf-
folding proteins, due to the “universal” topological and
geometrical constraints, large spherical viruses need scaf-
folding proteins to adopt IO, see Fig. 1. Although the
focus of the paper is on virus assembly, the implication
of our study goes far beyond and extend to many other
problems where curved crystals are involved, a point that
we we further elaborate in the conclusion [26, 27].
The distinct feature of spherical crystals is that their
global structure is constrained by topology. More con-
cretely, if s(x) is the disclination density, then∫
d2x s(x) = 2piχ , (1)
where χ is the Euler characteristic (χ = 2 for a sphere).
However a capsid closes only at the end of the assembly,
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2and thus, Eq. 1 does not really restrict the number of
disclinations during the growth process, as pentamers or
other disclinations may be created or destroyed at the
boundaries. For a complete shell, the easiest way to fulfill
Eq. 1 is with twelve q = +pi3 disclinations, and this is the
case we will follow hereon.
A minimal model for spherical crystals consists of a
free energy
Fc =
∫
d2x
[
µu2αβ +
λ
2
(uαα)
2
]
+
κ
2
∫
d2x(H(x)−H0)2
≡ F lc + F bc (2)
where uαβ is the strain tensor. The coefficients µ, λ are
the Lame coefficients, which depend on the microscopic
underlying interactions. Here H(x) is the extrinsic cur-
vature of the template, H0 the spontaneous curvature
and κ the bending rigidity. By integrating the phonon
degrees of freedom, we can recast the term F lc in Eq. 2 as
a non-local theory of interacting disclinations, with free
energy [34]
F lc =
K0
2
∫
d2xd2y [(K(x)− s(x))G(x,y) ×
× (K(y)− s(y))] , (3)
where K(x) is the Gaussian curvature and K0 is the
Young modulus. The disclination density s(x) =∑12
i=1 qiδ(x−xi) has as variables the positions of 12 discli-
nations, each of charge qi =
pi
3 . The function G(x,y) is
the inverse of the Laplacian square [34]. All previous
studies for the model in Eq. 3 have been done for curved
crystals without a boundary. In this paper, we provide,
for the first time, the necessary formalism to include the
presence of a boundary.
A discrete version of Eq. 2 is given by [26, 27, 34, 35]
Fd = Es+Eb =
∑
i
1
2
ks(bi−b0)2+
∑
i,j
kb[1−cos(θij−θ0)]
(4)
with θ0 a preferred angle, related to the spontaneous cur-
vature H0. The stretching energy sums over all bonds
i with b0 the equilibrium bond length and the bend-
ing energy is between all neighboring trimers indexed
with ij. We further assume that there is an attrac-
tive force between the trimers and the preformed scaf-
folding layer (inner core) (see Fig.4), which, consistent
with our minimal model, involves a simple LJ-potential
ELJ =
∑
i 4[(
σ
ri
)12 − 2( σri )6] with  the depth of the
potential and σ the position of minimum energy corre-
sponding to optimal distance between the center of the
core and subunits. In the next section, we associate a dy-
namics to these models, which corresponds to following
a local minimum energy pathway.
METHODS
Discrete model
The growth of the shells is based on the following as-
sumptions [6, 9, 19, 24]: At each step of growth, a new
trimer is added to the location in the boundary which
makes the maximum number of bonds with the neigh-
boring subunits. This is consistent with the fact that
protein-protein attractive interaction is weak and a sub-
unit can associate and dissociate till it sits in a posi-
tion that forms a few bounds with neighboring proteins.
These interactions eventually become strong for the sub-
units to dissociate and trimer attachment becomes ir-
reversible [5]. The attractive interactions between sub-
units, whose strength depends on electrostatic and hy-
drophobic forces, are implicit in the model. Note that
pH and salt can modify the strength of protein-protein
and protein-template interactions and thus the growth
pathway. The impact of pH and salt on the shell assem-
bly will be pursed elsewhere.
EHEp
Ep>EH
Ep<EH
FIG. 2. Dynamics of formation of a hexamer vs. a pentamer: five
trimers are attached at a vertex with an opening angle close to
pi/3 at the top and much smaller than pi/3 at the bottom. If the
energy per subunit of formation of a pentamer Ep is higher than a
hexamer EH , then a hexamer forms (top); otherwise, a pentamer
assembles (bottom).
A crucial step in the assembly process is the formation
of pentamers, which occurs only if the local energy is low-
ered, as illustrated in Fig. 2. After the addition of each
subunit or the formation of a pentamer, using HOOMD
package [36, 37], we allow the triangular lattice to relax
and to find its minimum energy configuration [20].
The proposed mechanism follows a sequential pathway
where trimers (T ) attach to the growing capsid (C → C ′)
according to the reaction
T + C  TC
TC → C ′ (5)
with characteristic rates kD, k
′
D and kr. The rate kD =
2piDTRT is diffusion limited, with RT the trimer radius
and DT its diffusion coefficient, so that the reaction speed
is linear in trimer concentration vTC = kD[T ], k
′
D is the
detachment rate as the trimer searches for the local min-
imum, and kr is the irreversible rate of attachment of
the trimer to the capsid. The combined reaction rate is
therefore kT =
krkD
k′D+kr
. Once the second reaction in Eq. 5
takes place, there is no possibility for correcting mistakes:
3FIG. 1. Figure 1a. From left to right: Bacteriophage P22 [28], Bacteriophage N4 [29], Rotavirus [30], Herpes simplex virus [31], Phage
ΦM12 [32] and Pseudoalteromonas virus [33]. The triangulation number of each virus is shown below it. The scaffolding proteins and
hydrogenases inside the capsid of Bacteriophage P22 and the inner shell of Rotavirus are illustrated in the figure. To form structures with
IO, all viruses in the figure need scaffolding proteins as illustrated for Bacteriophage P22. Only Rotavirus requires a preformed scaffolding
layer. Rotavirus belong to Reoviridae virus family, they all form T = 13 and have multi-shell structures. Figure 1b. Capsids obtained in
the simulations from left to right: T = 7, T = 9, T = 13, T = 16, T = 19 and T = 21.
if a pentamer forms in the incorrect location, IO is frus-
trated. With some additional assumptions about the de-
pendence of kr on the coordination of the growing capsid,
it is possible to derive overall rates for capsid formation,
a problem that will be pursued elsewhere.
Two important parameters arises in discussing spher-
ical crystals with the model Eq. 4. One is the Foppl
von-Karman (FvK) number [26]
γ =
b20ks
kb
, (6)
which measures the ratio of stretching to bending moduli.
When the FvK number is large, the protein subunits op-
timize stretching and bend away from their preferred ra-
dius of curvature showing some degree of faceting, which
is the case of large viruses, see Figure 1. For the case
of template driven self-assembly, we introduce a new pa-
rameter
η =
kb

, (7)
which measures the relative strength of the bending rigid-
ity to the attraction of the trimers to the template. For
small η, the proteins follow the core curvature during
growth at all the time, regardless of proteins spontaneous
curvature. For large η, the shell detaches from the core
and follow its preferred curvature. In this paper we will
be mostly interested in the regime η ≈ O(1) and γ  1,
where the template, rather than the spontaneous curva-
ture dictates the size of the capsid.
Continuum model
We now consider the model given in Eq. 3 on a spher-
ical cap with an aperture angle θm, so that its geodesic
radius is Rm = θmR, see Fig. 4b. The Lame term (F
l
c)
in Eq. 3 can then be written as
F lc =
1
2K0
∫
d2x
√
g (∆χ)
2
, (8)
where gµν is the metric defining the surface and the
Laplacian is ∆ = − 1√g∂µgµν∂ν , with χ the Airy Stress
function that satisfies
1
K0
∆2χ(x) = s(x)−K(x). (9)
In SI Appendix, we provide the detailed calculations. We
note that approximate solutions of Eq. 9 are available un-
der the assumption that the Laplacian is computed with
a flat metric, see Ref [38], which immediately leads to∫
d2xK(x) =
∫
d2x
R2 =
A
R2 = pi 6= 2χpi = 4pi, directly
violating the topological constraint Eq. 1. Therefore pre-
vious results [39] are limited to small curvatures or aper-
ture angles (θm  pi). The generalization of Eq. 3 to
include boundaries proceeds by defining the stress tensor
by the expression σαβ = gαβ∆χ(x)− gαµgβν∇µ∇νχ(x).
We now include a stress free condition σαβn
β = 0 at
the boundary, where nα is the normal to the bound-
ary. For a spherical cap, see Fig. 4b, we use the metric
ds2 = gµνdx
µdxν = dr2 + R2 sin2(r/R)dφ2. Note that
4following the simulation outcomes, we ignore boundary
fluctuations. This is mainly because of the strength of
protein-protein interactions and line tension implicit in
the growth model and is consistent with the simulation
results.
With the above definitions, the topological constraint
Eq. 1 is satisfied exactly for a sphere. The free energy
Eq. 3 then becomes
F lc(θm,xi) = E0(θm) +
N∑
i=1
E0d(xi, θm) +
+
N∑
i=1
N∑
j=1
Eˆdd(xi,xj , θm) (10)
with E0 is the free energy of the hexamers, E0d the in-
terplay between Gaussian curvature and pentamers and
Eˆdd describes disclination(pentamer) interactions. It is
convenient to separate this last term as
F ddc =
N∑
i=1
N∑
j=1
Eˆdd(xi,xj , θm)
=
N∑
i=1
Eself (xi) +
N∑
i=1
N∑
j>i
Edd(xi,xj), (11)
where Eself (xi) is the disclination self-energy, which de-
pends on the location of a pentamer relative to the
boundary.
RESULTS
Consistent with the assumptions describing the dy-
namics of growth noted in previous section, we consider
the spherical cap in Fig. 4b with an aperture angle, which
monotonically varies from θm = 0 to θm = pi (sequential
growth) as a function of time θm(t). Then, for each value
of θm we calculate the free energy Eq. 10 and compare
it to the one with an additional new defect (local condi-
tion). Once the latter one is favorable, the new defect is
added.
For small values of θm, the cap grows defect free. In
Fig. 3 we plot the energy of a spherical cap for θm = 0.7.
The dotted line in the figure shows the disclination self-
energy Eself , the dashed line the Gaussian curvature-
disclination interactions E0d and the solid line is the sum
of both energies as a function of the location of disclina-
tion in the cap. The diamond in the figure corresponds to
the minimum of energy and indicates the location of the
first (and only) disclination appearing in the cap, around
r ∼ 0.66. This value is very close to the geodesic distance
following from the local “screening” of the Gaussian cur-
vature
∫
d2x s(x) =
∫
d2x K(x)→ pi3 = 2pi(1− cos(θm))
such that r = arccos(5/6) = 0.59. Somewhat counter
intuitively, the first disclination does not appear at the
center of the cap, which is the result of the competition
between the disclination self-energy whose minimum is
0.64 0.66 0.68 0.7
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FIG. 3. The 1D energy plot for the first disclination: The dot-
ted line corresponds to disclination self-energy Eself (Eq. 11), the
dashed line to the Gaussian curvature-disclination interactions E0d
and the solid line is the result of the addition of both energies
F lc − E0 (Eq. 10) as a function of the location of disclination in
the shell for θm = 0.7. The energy goes through a minimum for
r = 0.66. The inset graph shows the zoom-out energy plot where
the circle region corresponds to the main graph.
at the boundary and the Gaussian curvature-disclination
interaction E0d with its minimum energy occurring at the
cap center, see Fig. S2 in SI Appendix where the contour-
plots of the different elastic free energies as a function of
the location of the first disclination, r are shown. As
the shell grows, the appearance of a new disclination be-
comes energetically favorable, i.e. a new energy valley
for the formation of a new disclination emerges, as illus-
trated in Fig. 4b, where we show the contour plots of total
elastic energies for spherical caps with θm = 0.8 through
θm = pi. The bigger ball in each plot indicates the posi-
tion of the latest energy well, which is where the addition
of the next disclination takes place. Remarkably, both in
the continuum model and simulations, during the growth
process, the disclinations always appear in the positions
that eventually become the vertices of an icosahedron.
Results with the discrete model Eq. 4 are shown in
Fig. 4a. Here again, the disclinations universally appear
at the vertices of an icosahedron, in complete agreement
with the analytical calculation. The simulations were
performed for all values between T = 7 and T = 21 and
in all cases the IO was achieved without a single error.
The size of the core in Fig. 4a is commensurate with
T = 13 structures. We note that for these simulations
the proteins spontaneous radius 1/H0 is much smaller
than the core radius, Rc (RcH0  1), a point that is
discussed in more detail further below. In SI Appendix
we provide a movie illustrating the growth of a T = 21
structure, which includes 420 triangles.
The role of stretching and bending rigidity
Figure 5 shows the stretching energy vs N (number of
subunits assembled) as a T = 13 shell grows for six dif-
ferent values of FvK γ > 1. We note that for large spon-
5FIG. 4. The snapshots of a T=13 growth in discrete simulation (first row) and continuum theory (second row). The upper caps correspond
to the simulation growth with triangles representing the trimers. The yellow vertices belong to pentamers, blue ones to hexamers and red
ones to the cap edge. The gold core mimics the preformed scaffolding layer or inner core. The lower caps denote the energy contourplots
for the newest disclinations that appear in the purple energy well, with geodesic shell size Rm = Rθm. The red region has the highest
energy and purple the lowest one. There is a yellow ball in the position of each disclination. The largest ball corresponds to a newly
formed disclination.
taneous radius of curvature and small γ when bending
rigidity is dominant, no large icosahedral shell assembles
successfully. Rather interestingly, there are conspicuous
differences in the dynamics as a function of the FvK pa-
rameter γ.
For small values of γ = 2 (thick black line in Fig. 5)
the shell elastic energy grows almost linearly as a function
of N but does not show IO. This takes place for higher
γ-values. The arrows in Fig. 5 indicate a drop in the elas-
tic energy associated with the appearance of pentamers,
see SI Appendix for more details. At the beginning of
the growth, the shells with different values of γ might
follow different pathways and thus, the number of hex-
amers vary before the first few pentamers form. However,
as the shell grows, the pentamers appear precisely at the
same place, independently of γ. Note that the bending
energy of the shells always grows linearly as a function
of number of subunits for any γ (see SI Appendix).
DISCUSSION
Our results show that for large shells (T > 4) successful
assembly into IO requires a non-specific attractive inter-
action between protein subunits and a template. This
interaction is implicit in the continuum model and is in-
cluded as a generic attractive Lennard-Jones potential in
the simulations. Furthermore, we find that the location
of pentamers are completely controlled by the stretching
energy as it is the case in the continuum elasticity theory.
In the absence of the template, small spherical crys-
tals (T = 1 and T = 3) assemble spontaneously, for al-
most any FvK parameter γ. However, as we increase
the spontaneous radius of curvature, the final structure
depends on the value of γ. For small γ, large spherical
shells without any specific symmetry form, and at large
γ > 5 curved hexagonal sheets, which eventually assem-
●●●●
●●●●
●●●
●●●
●●●
●●●
●●●
●●
●●●
●●
●●●
●●●
●●
●●●●●●●
●●●●●
●●
●●●●●
●●
●●●●●●●
●●●●
●●●
●●
●●●●
●●●
●●
●●●●●●●●
●●●●●
●●●●
●●
●●●
●●
●●●●●●●
●●●●●
●●
●●
●●●
●●●●
●●
●●
●●●●●●●●●●●
●●●●
●●
●●
●●●
●●●●●
●●
●●
●●●●
●●●●●
●●●●●
●●
●●
●●●●
●●
●●●●●●●
●●
●
●
●●●●
●●
●●●●●●●
●●
●●●●
●●●●●
●●
●●●●
●●●●●
●●
●●●
●●●●
●●
●●●●
●●●
●●
●●
●●●●
●●
●●●
●●
●● ●●
●●
●●●●●●●
●●●●●
●●
●●●●●
●●
●●●●●●●
●●●●
●●●
●●
●●●●
●●●
●●
●●●●●●●●
●●●●●
●●●●
●●
●●●
●●
●●●●●●●
●●●●●
●●
●●
●●●
●●●●
●●
●●
●●
●●●●●●●●●
●●●●
●●
●●
●●●
●●●●●
●●
●●
●●●●
●●●●●
●●●●●●●
●●
●●●●
●●
●●●●●●●
●●
●
●
●●●●
●●
●●●●●●●
●●
●●●●●●●●●
●●
●●●●
●●●●●●●
●●●
●●●●
●●
●●●●
●●●
●●
●●
●●●●
●●
●●●
●●
●●
●●●
●●●
●●●●●
●●
●●●
●●
●●●
●●
●●●●●●●
●●●●●
●●
●●●●
●●
●●●●●● ●
●●●●
●●●
●●
●●●●
●●●●
●●●●●●
●●
●●●●●●
●●●
●●●●●
●●
●●
●●●●
●●
●●
●●
●●●●●●●●●
●●●●
●●
●●
●●●
●●●●●
●●
●●
●●
●●
●●●●●
●●●●●●●
●●
●●●●
●●
●●●●●●●
●●
●
●
●●●●
●●
●●●●●●●
●●
●●●●●●●●●
●●
●●
●●
●●●●●●●
●●●
●●●●
●●
●●●●
●●●
●●●●
●●●●
●●
●●●●
●
●●●●●
●●
●●●●●
●●
●
●●●
●●●●●●
●●●●●
●●
●●●●●
●●●● ●●
● ●
●●●●
●●●
●●●
●●●●
●●●
● ●●●
●●●●●
●●●●
●●●●●
●●
●●
●●
●●●●
●●
●●
●●
●●●●●●●●●
●●●●
●●
●●
●●●
●●●●●
●●
●●
●●
●●
●●●●
●●●●●●●
●●
●●●●
●●
●●●●●●●
●●
●
●
●●●●
●●
●●●●●●●
●●
●●●●●●●●●
●●
●●
●●
●●●●●●●●●●
●●●●
●●
●●●●
●●●
●●●●
●●●●
●●
●●●●●
●
●● ●●●
●●●●●
●●
●
●
●●●
●●●●
●●●●●
●●●
●
●●●●●●●●●
●●●
●●●●
●●●
●●●
●●●●
● ●●
●●●
●●●●●●●
●●●
●●●●●●
●●
●●
●●●●
●●
●●
●●●●●●●●●●●
●●●●
●●
●●
●●●
●●●●●●●
●●
●●
●●
●●●●
●●●●●●●
●●
●●●●
●●●
●
●●●●●
●●
●
●
●●●●
●●
●●●●●●●
●●
●●●●●●●●●
●●
●●
●●
●●●●●●●●●●
●●●●
●●
●●●●●
●●●●●●
●●●●
●●
●●●●●
●●●●
●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●
●●●●●●
●●●●●●
●●●●●
●●●●
●●
●●
●●
●
●●●●
●●●●●●
●●●●●●●
●●
●●●●●●●
●●●●
●
●●●●● ●
●●●●
●●●
●●●●●●●
●● ●●●●●●●
●●●
●●●
●●● ●●●●●●
● ●●●●
●●
●●●●
●●●●
●●●●●
●●●●●●●●●●
●●●●●
●●●●
●●●●
●● ●
●●● ●●
● ●●●
●●●●●●●
●●●●
●●●●●●●
● γ=120
● γ=140
● γ=160
● γ=180
● γ=200
● γ=2
0 50 100 150 200 250
0.
1.
2.
3.
Subunits
S
tre
tc
hi
ng
E
ne
rg
y(E s/
k b
)
FIG. 5. The stretching energy of a T=13 shell as a function of
number of trimeric subunits. For small FvK numbers (γ = 2,
black line), there is no significant drop in energy as a pentamer
forms. However, for large FvK numbers (γ  1), the formation of
pentamers drastically lowers the energy of the elastic shell.
ble into tubular or conical structures are obtained. Thus
our results predict that large shells with IO cannot grow
without template.
A template can have a significant impact on the struc-
ture and symmetry of the shell. While a weak subunit-
core attractive interaction has a minimal role in the shell
shape, a very strong subunit-core interaction will override
the mechanical properties of proteins. The subunits sit
tightly on the template to form a sphere with no spe-
cific symmetry. We were able to observe large shells
with IO only for η ∼ 1 but at high γ. In this regime,
in order for pentamers to overcome the core attraction
and form in the “correct” position, they must assume a
symmetric shape and buckle up (see Fig. 1b). Indeed a
strong bending energy is needed to overcome the shell
adsorption. We find that without decreasing γ (increas-
ing kb) but with increasing spontaneous curvature, the
6bending energy associated with the deviation from the
preferred curvature of subunits adsorbed to the core be-
comes strong enough to make the pentamers buckle and
assume a smooth shape. Quite interestingly, we find that
this is the strategy that the nature has taken to form large
shells with IO.
The role of the inner core or the preformed scaffold
layer presented above is very similar to the role of SPs,
which assemble at the same time as the capsid proteins
(CPs), i.e., the template grows simultaneously with the
capsid (see Fig. 6). In fact one can think of the inner
core as a permanent “inner scaffold” [15]. For example,
Bacteriophage P22 has a T=7 structure, but in the ab-
sence of scaffolding (Fig. 1, P22) often a smaller T = 4
forms. Similarly, Herpesvirus makes a T = 16 structure
but without the SPs, a T = 7 assembles. More relevant
to the present study is the case of Infectious Bursal Dis-
ease Virus (IBDV) a dsRNA virus that in the presence
of SPs forms a T = 13 capsid but in the absence the sub-
units assemble to form a T = 1 capsid. This is exactly
the condition for formation of the T = 13 structure in
Fig. 4 where the preferred curvature between subunits is
such that in the absence of scaffold they form a T = 1
structure. Reoviridae virus family also form T = 13 but
they have multi-shell structures, which act as inner cores.
For instance, in this family Bluetongue virus is a double
capsid particle, outer (necessary for infection) and inner
capsid (encloses RNA genome). The inner capsid, termed
as “core” has two protein layers. The surface layer (or
shell) is a T = 13 capsid that assembles around the inner
shell, a T = 2 structure (an inner core). Interestingly, it
has been suggested that there is an evolutionary connec-
tion between SPs of IBDV and inner capsid of Bluetongue
virus [15].
CONCLUSIONS
Our model establishes that successful self-assembly of
components into a spherical capsid with IO requires a
template that determines the radius of the final structure.
This template is very non-specific, and in its absence,
protein subunits assemble into either smaller capsids or
structures without IO.
Even though the focus of the above study was on
the impact of the preformed scaffolding layer, based on
the experimental observations we conclude that the SPs,
which assemble simultaneously with CPs (Fig. 6), play
basically the same role as the inner core in the assembly
of large icosahedral shells. Figure 6 shows that in the
absence of SPs, CPs of IBDV form a T = 1 structure
but when the same IBDV proteins co-assemble with SPs
(yellow units) a T = 13 forms. The figure also shows
the pathway of formation of T = 1 and T = 13 struc-
tures obtained in our simulations. We emphasize that
the mechanical properties of subunits are the same for
both shells, the difference in structures arises from the
substrate or SPs.
FIG. 6. The role of scaffolding proteins (SPs) in the formation of
T = 13 capsid of IBDV. Without SPs, the CPs (blue and white
subunits) of IBDV form T = 1 structure (upper figure). In the
presence of SPs (yellow subunits), they form T = 13 structure
(lower figure). The results of our simulations are also illustrated
next to each intermediate step. Note that SPs (yellow subunits)
do not assemble without the CPs but probably experience some
conformational changes during the assembly. However, our focus
here is solely on the impact of scaffolding on the CPs resulting
in a change in the capsid T number. For preformed SPs, like in
the case of bluetongue virus, the core is spherical and there is no
indication of any changes on the size of spherical template during
the assembly.
The contribution of the SPs is twofold. The CPs of
many viruses including bluetongue virus noted above do
not assemble in the absence of SPs. On the one hand,
it appears that SPs lower the energy barrier and help
capsid subunits to aggregate. On the other hand, by
forcing the CPs to assemble into a structure larger than
their spontaneous radius of curvature, they contribute to
preserving IO.
Examples of the role of templates on the formation of
spherical crystals are not limited to viruses, but include
crystallization of metals on nanoparticles [40], solid do-
mains on vesicles [41, 42], filament bundles [38] and col-
loidal assemblies at water-oil interfaces [43]. Neverthe-
less, it has been shown [44] that sufficiently rigid crys-
tals grow as almost flat sheets free of defects, unable to
assemble with IO. This regime, however, seems not to
be accessible to viral capsids, as the hydrophobic inter-
action between monomers force close-packing structures
that are incompatible with grain boundaries.
This study shed light at fundamental scale on the role
of mechanical properties of building blocks and scaffold-
ing proteins. The proposed mechanism is consistent with
available experiments on viruses involving either scaffold-
ing proteins or inner capsids. Further experiments will be
necessary to validate many predictions of our described
mechanism.
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ELASTIC ENERGY IN CONTINUUM MODEL
In this section we provide the detailed calculations for the elastic energy term(F lc) in
continuum model, Eqs. 10 and 11 given in the text. We define the elastic free energy as
F lc =
1
2K0
∫
d2x
√
g (∆χ)2 , (S1)
where gµν is the metric of the surface. The Laplacian(∆) is then defined as − 1√g∂µgµν∂ν .
For a spherical surface (Fig. S1), the metric tensor and the laplacian operator are ds2 =
dr2+R2 sin2( r
R
)dφ2 and ∆ = 1
sin( r
R
)
∂r
(
sin( r
R
)∂r
)
+ 1
R2 sin2( r
R
)
∂φφ, respectively. The Airy Stress
function χ satisfies
1
K0
∆2χ(x) = s(x)−K(x). (S2)
with s(x) =
∑N
i=1
qi√
g
δ(x − xi) the disclination density and K(x) = 1R2 gaussian curvature.
We seek the solutions of χ subject to the stress free boundary conditions, σrr = σφr = 0.
Following the defination of the stress tensor, the boundary conditions are then
σrr =
1
R
cot(
r
R
)∂rχ+
1
R2 sin2( r
R
)
∂φφχ = 0 (S3)
σφr = − 1
R sin( r
R
)
∂r
(
1
R sin( r
R
)
∂φχ
)
= 0 (S4)
at r = Rθm = Rm.
Constructing the green function
∆2G(x,xi) =
1√
g
δ(x− xi), (S5)
subject to the dirichlet (G(Rm, ri) = 0) and stress free boundary conditions given in Eqs. (S3)
and (S4), we find the airy stress function can be written as the integral of the green function
with the source field
χ(x) = K0
∫
d2x′ G(x,x′) (s(x′)−K(x′))
= K0R
2
(
N∑
i=1
qiG(x,xi)−
∫
d2x′ G(x,x′)
)
= K0R
2
(
N∑
i=1
qiG(x,xi)− Ω(x)
)
, (S6)
where x has been rescaled in the unit of R and Ω(x) ≡ ∫ d2x′ G(x,x′). Thus we have
∆2Ω(x) = 1. (S7)
2
Integrating the free energy in Eq. (S1) by parts and using the green function G, we find
F lc =
K0R
2
2
∫
d2xd2y [(K(x)− s(x))G(x,y)(K(y)− s(y))]
=
K0R
2
2
(∫
d2x Ω(x)−
N∑
i=1
2qi Ω(xi) +
N∑
i=1
N∑
j=1
qiqjG(xi,xj)
)
= E0(θm) +
N∑
i=1
qiEˆ0d(xi, θm) +
N∑
i=1
N∑
j=1
qiqjEˆdd(xi,xj, θm)
= E0(θm) +
N∑
i=1
E0d(xi, θm) +
N∑
i=1
Eself (xi) +
N∑
i=1
N∑
j>i
Edd(xi,xj) (S8)
where the first term in Eq. (S8) describes the gaussian curvature self energy, the second term
corresponds to disclination-gaussian curvature interaction, the third term denotes disclina-
tion self-energy and the last term is the disclination-disclination interaction energy. In the
next section we solve the green function G(xi,xj) and Ω(x) for when there exists only one
disclination at the center of a spherical cap and then solve it for when it is placed off center.
Center Disclination
We solve Eqs. (S5)-(S7) for a radially symmetric system when we only have one disclina-
tion at the center of a spherical cap(ri = 0). We find
2piG(r, 0) = Li2(− tan2(r
2
)) + log(1 + tan2(
r
2
)) log(tan(
r
2
)) + u (S9)
Ω(r) = Li2(− tan2(r
2
)) +
1
2
log(1 + tan2(
r
2
))2 + u (S10)
where Li2 is a polylogarithm Li2(x) =
∑∞
n=1
xn
n2
and u, the homogeneous solution of bihar-
monic equation ∆2u = 0, is given by
u = C +D log(1 + tan2(
r
2
)) (S11)
3
Applying the boundary conditions Eqs. (S3)-(S4), G(θm, 0) = 0 and Ω(θm) = 0, we find
2piG(r, 0) =Li2(− tan2(r
2
)) + log(1 + tan2(
r
2
)) log(tan(
r
2
))
+ 2 log(cos(
r
2
))
(
cot2(
θm
2
) log(cos(
θm
2
)) + log(sin(
θm
2
)))
)
− Li2(− tan2(θm
2
))− log(1 + tan2(θm
2
)) log(tan(
θm
2
))
− 2 log(cos(θm
2
)
(
cot2(
θm
2
) log(cos(
θm
2
)) + log(sin(
θm
2
))
)
(S12)
and
Ω(r) =Li2(− tan(r
2
)2) +
1
2
log(1 + tan2(
r
2
))2
+ log(1 + tan2(
r
2
)) cot2(
θm
2
) log(1 + tan2(
θm
2
))
− Li2(− tan(θm
2
)2)− 1
2
log(1 + tan2(
θm
2
))2
− log(1 + tan2(θm
2
)) cot2(
θm
2
) log(1 + tan2(
θm
2
)) (S13)
We will employ the expressions for G(r, 0) and Ω(r) to calculate the free energy of the system
given in Methods section.
Off-center disclination
We now consider an off-center disclination. In this case, the gaussian curvature contribu-
tion Ω(r) remains as in the previous section but the green function G(x,xi) can be obtained
using the function Γ as follows,
∆Γ(x,xi) =
1√
g
δ(x− xi) (S14)
∆G(x,xi) = Γ(x,xi). (S15)
Expressing Γ(x,xi) as the sum of eigenstates, we have
2piΓ(x,xi) = log(tan(
r>
2
))−
∞∑
n=1
1
n
tann( r<
2
)
tann( r>
2
)
cos(nφ), (S16)
which we insert in Eq. (S15). Then we find
4
2piG(x,xi) =Li2(− tan2(r>
2
)) + log(tan(
r>
2
))
(
log(1 + tan2(
r>
2
)) + log(1 + tan2(
r<
2
)
)
+
∞∑
n=1
1
n
(
1
n
tann( r<
2
)
tann( r>
2
)
−Hn(cot(r>
2
)) tann(
r<
2
)− cotn(r>
2
)Hn(tan(
r<
2
))
)
cos(nφ)
+ U(x) (S17)
where r< and r> correspond to min(r,ri) and max(r,ri) respectively. The function U(x)
denotes the homogenous solution of biharmonic(∆2) operator,
U(x) = c0 + d0 log(1 + tan(
r
2
)2) +
∞∑
n=1
1
n
(
cn tan(
r
2
)n + dnHn(tan(
r
2
))
)
cos(nφ) (S18)
with Hn the basis function of the biharmonic operator that is given by
Hn(x) =
x2+n
n
(
1
1 + x2
− 1
1 + n
2F1
(
2, 1 + n, 2 + n,−x2)) , (S19)
where 2F1 is the hypergeometric function with
1
1+n2
F1(2, 1+n, 2+n, x) =
∑∞
i=0
i+1
n+i+1
xi. Ap-
plying the boundary conditions Eqs. (S3)-(S4) and G(θm, ri) = 0, we obtain the coefficients
in Eq. (S18) as
d0 = − log(b) + 1
2
(
1 + b−2
)
log
(
1 + b2
1 + xρ2
)
c0 = −Li2(−b2)− log(b)
(
log(1 + b2) + log(1 + xρ2)
)− d0 log(1 + b2)
dn =
1− (1 + b−2)xρ−nnHn(xρ)
1− (1 + b−2) b−nnHn(b)
(xρ
b
)n
b−n
cn =
b−2n
n
(
b2+n − (1 + b2)nHn(b)
)(xρn(− b2+n + nHn(b) + bnnHn(b−1) (b2+n − (1 + b2)nHn(b)) )
+ b2+nnHn(xρ)
)
(S20)
where b = tan( θm
2
) and xρ = tan( ri
2
).
ENERGY CONTOURPLOTS
Using G(x,xi) and Ω(x) in Eqs. (S17) and (S13) respectively, we calculate the elastic
energies due to the Gaussian curvature-disclination interaction (E0d) and disclination self-
energy (Eself ) as given in Eq. (S8). The contourplot of the elastic free energy for E0d and
5
Eself as a function of the location of the disclination in the shell is illustrated in Fig. S2.
Similar to the 1-D case shown in Fig. 4, the minimum energy due to disclination-Gaussian
interaction is at the center of the shell Fig. S2(a) and related to the disclination self-energy is
at the edge Fig. S2(b). While the Gaussian curvature attracts the disclination to the center
of the shell, the defect self-energy pushes it towards the boundary. The addition of these two
interactions gives rise to a minimum energy, which is off the center of the shell. Figure S2(c)
illustrates the contourplot of the energy of the interaction between two disclinations (Edd).
The first disclination (the white ball in Fig. S2(c)) is placed at the minimum of E0d +Eself
but the second one is located at the minimum of E0d + Eself + Edd. While the curvature-
disclination interaction and disclination self-energy determine the number of pentamers in
the growing shell, the repulsion between the disclinations distribute them at the vertices
of an icosahedron. In this work, we calculated the interaction of Gaussian curvature with
disclination and disclination self-energy in the presence of an edge for the first time.
BENDING AND STRETCHING ENERGIES
Figure S3 illustrates the bending energy vs. the number of trimers. While there is a huge
drop in the stretching energy for the formation of each pentamer(Fig.5), we see almost no
difference in the bending energy between the formation of a pentamer and a hexamer as the
shell grows. Note that the drops in the stretching energy other than the marked ones in
Fig. 5 indicate the positions in which three or four trimers buckle out making the system
ready for the assembly of a pentamer. At the later steps, when one or two trimers will
be added to the growing pentamers, the stretching energy further decreases in the marked
drops, revealing the formation of a complete pentamer.
We emphasize that at large FvK (γ), the triangles remain more or less equilateral during
the growth process but the shell easily bends away from the preferred curvature. In fact
the magnitude of bending energy is one order of magnitude larger than stretching energy
because of the deviation of dihedral angle between the proteins from the preferred one. In
the simulations the bending energy was necessary to facilitate the buckling of pentamers at
the right position.
In the absence of bending rigidity, the pentamers became deformed to release their stress
to their neighboring hexamers. It is interesting to note that in our system when the sponta-
6
neous radius is much smaller than the core radius, the difference between the bending energy
for a pentamer and a hexamer is not considerable. We find that at high γ the bending energy
does not play any roles in the preference between pentamers and hexamers in the shell and
the location of pentamers are completely controlled by the stretching energy as it is the case
in the elasticity theory.
MOVIE CAPTION
A step-by-step movie of the growth of a T=21 shell. The shell is built from triangular
subunits. The yellow vertices belong to pentamers, blue ones to hexamers and red ones to
the cap edge. The gold core mimics the preformed scaffolding layer or inner core.
FIGURES
Rm
R
 m
FIG. S1. a spherical cap with geodesic size Rm and radius R, the cap center is marked as a red
dot on the top.
7
(a) E0d, equation (S8)
(b) Eself , equation (S8)
(c) Edd, equation (S8)
FIG. S2. The contourplots of (a) Gaussian Curvature-Disclination interaction energy; (b) Disclination
self-energy; (c) Disclination interaction energy.
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FIG. S3. The bending energy of a T=13 shell as a function of triangular subunits.
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